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Abstract_ Data Envelopment Analysis (DEA) is a non-parametrical method for evaluating the efficiency
of Decision Making Units (DMUSs) using mathematical programming. There are several methods for
evaluating the rank of efficient DMUs such as Anderson and Peterson method (AP) or Mehrabian,
Alirezaei and Jahanshahloomethod (MAJ).These models work with deterministic data. In case that data
is fuzzy we should have an appropriate technique to solve the model.In this paper, a new method is
proposed to find the rank of Decision Making Units (DMUs) when all of data were fully fuzzy via MAJ
model. To illustrate the proposed model numerical example is solved.
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. INTRODUCTION
DEA is a powerful tool in estimating efficiency of decision making units with multiple inputs and outputs.
Charnes, Cooper and Rhodes [3] were the pioneers of the field that introduced their first model named “CCR” in
1978. The assumption is that all the data have specific numerical values.
Anderson and Peterson (A.P) [1] proposed a method for ranking efficient units on basis of the position of each
eliminated efficient DMUs in relation to its corresponding new Production Possibility Set (PPS). In 1999,
Mehrabian and his coworkers [2] proposed a technique, MAJ to confront the AP techniques problem; these
problems include infeasibility of covering form in case of data with special structure and instability that causes
sudden mutation on performance of some under survey DMUs when removing some of DMUSs. These problems
include infeasibility when the data’s have special structure and non-stability in case the elimination of some
DMUs causes sudden mutation on efficiency of an evaluated DMU. There are several method for ranking
efficient units with stochastic data, including Nabahat et al. [8], also ranking using AP technique of Razavyan,
and Tohidi [4]. Hosseinzadeh Lotfi et al. [5] ranking using coefficient variation. In 2010 Kumar et al. [9] find
the fuzzy optimal solution of fully fuzzy linear programming (FFLP) problems with inequality constraints. By
using his method the fuzzy optimal solution of FFLP problems with inequality constraints, occurring in real life
situation, can be easily obtained. Nabahat et al. [10] rank DMUs using Ideal and Anti-ideal Decision-Making
Units with Fuzzy Data. In this paper we want to rank fully fuzzy DMUs by using MAJ model. It is clear that
MAJ model is a type of linear programming and fuzzy MAJ model is a fully fuzzy linear programming problem.
Thus, by converting it into crisp linear programming we can defuzzify the model.

Il. PRELIMINARIES
A. Basic Definitions
In this section some necessary backgrounds and notions of fuzzy set theory are reviewed.
Definition 2.1 [6] A triangular fuzzy number (a, b, c) is said to be non-negative fuzzy number ifa > 0.

Definition 2.2 [7] A ranking function is a function R:F(R) — R, where F(R) is a set of fuzzy numbers defined
on set of real numbers, which maps each fuzzy number into the real line, where a natural order exists. Let

A = (a,b,c) be atriangular fuzzy number then R(4) = %’m

Definition 2.3 Let A = (a4, by, c;)and B = (a,, b,, c,)be two triangular fuzzy numbers, then
() A S Biffa; <ay,, by —a; <b,—a,, ¢, —b; < c, —b,.

(i)4 2 Biffa, = a,, by—a; = b, —ay, ¢c; —b; =c, —b,.

(iii)A =B iffa, = a,,b; = b, ,c; = C,.

B. Arithmetic Operations

In this section, arithmetic operations between two triangular fuzzy numbers, defined on universal set of real
numbers R, are reviewed [6].

LetA = (a,b,c) and B = (e, f, g) be two triangular fuzzy numbers then
(A @B =(a, b, c)®(e, f, g) = (a+e, b+f, c+g)
(ii)—4 =—(a,b,c) = (-¢c, b, —a)
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(ii)A © B=(ab,c)-(ef 0)=(a-g b-f c-e)
(iv) Let A = (a,b,c) be any triangular fuzzy number and B = (x, y, z)be a non-negative triangular fuzzy
number then
(ax,by,cz), a=0
I®B = (az,by,cz), a<0,c=0
(az, by, cx), c<0
Il Fully Fuzzy MAJ Model

Assume that there are n decision-making units (DMUS) to be evaluated, each DMU with m inputs and s outputs.
We denote the inputs and outputs of (DMU;)j=1.2,..,nwith X;; ,i =12,..,mand y,; ,r =12,..,s
which all of the inputs and outputs are fuzzy symmetrical triangular numbers and positive.

MAJ model with crisp data is shown below:
minl+w, —v,

n
DA% S X+ W, —Voi=1...m, j=1...n
=1

j#o

Z;/ljy”. >y r=1..s (1)
J:
j#o
j=1n

Zij =1
j=1
A; 20,w,,v, 20
where x;;,i = 1,2,..,mand y,; ,v = 1,2,...,s in (1) respectively denotes the inputs and outputs of(DMU;) j =
1,2,..,n.
The MAJ model with fully fuzzy data can formulated as:
Min 1®@Ww, ©7,
n

L®%G 350w, O,
j=1

)
®
F
Y
5
Qo

(2)

<
I
[EnN

M:ﬂ ||M=1+
Q m Q

[N

=0

15
2
Qo
2
Q
|

IVV. Method to Convertthe Inequality Constraintsinto Equality Constraints

The following method is used to convert the inequality constraints into equality constraints.

In case Z?=1/TJ ® X, 3 %,® W, © v,Convert such type of inequality constraints into equality constraints
j#*o
by introducing non-negative variables S,to the left side of the constraints i.e.

n
1L ®%,@5=5,0w, 07,
=1

J
j#o
where S,is a non-negative fuzzy number.
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In caseZ};l/Tj ® Jr, = 7o Convert such type of inequality constraints into equality constraints by
j#*o
introducing non-negative variables S,to the right side of the constraints i.e.

n
DL O =705
j=1
j#o _
where S,.is a non-negative fuzzy number.
If all the parameters?l; X Vi Wo,T ,S ,S.are  represented by triangular fuzzy numbers
(aj, Bj: ]/j), (aijv bij' Cij)v (drjv €rj frj)! (Wa' Wp, Wc)t (va' Vb, vc)'

(sy tiuy), (8, £, 11, )Respectively then the FFLP problem, obtained in step “above”, may be written as:

Min (1,1,1) @(wg, wp, W) © (Vg, vp, V)
n

(a5, Bj,vj) ®(ayj, byji ci;)®(si, ti, 1) = (@i, bio Cio) D Wa, Wy, We) © (Vg, Vp, )
=1

J
j#o

n
Z(Qj,ﬁj; Vj) ®(drj: erj'frj) = (dros €ro» fro)®(r, by 1) )
j=1
jo

Z(a,-,ﬂ,-,y,-) =(111)
=1

We=20,wp —w, =20, w,.—wp, =0
V=20, —v,20,v,—v, =0
(Zj ZO,ﬁ]—aJZO,y]—BJZO

Using arithmetic operations, definition 2.3, the FFLP, obtained in (3) is converted into the following problem:

Min R(A+w, —v,1+wy,—vp,14+w,—v,)
n

Z(ajaij + Si'ﬁjbij + ti'VjCij + ui) = (aio + Wg — Vg, bio + Wp — Vp, Cio + W, — 'Ua)

=1
j#o

n
Z(a,-dr,-,ﬁ,-er,-,y,-fr,-) = (dro + $r €70 + by, fro + 1) “

Jj=1
j#o

Z(“j'ﬁid’f) =(111)
=1

We=0,w,—w,=20,w,—w;, =20
V20,7, —v,20,v,—v, =20
Gf]' ZO,B]—CZJZO,)/J—BJZO
siZO,ti—siZO,ui—tiZO
$,20,t,-%.20,4,—t. =0

Using definition 2.2 of the proposed method the above FFLP problem is converted into the following (crisp
linear programming) CLP problem:

14+w, —v,+2+4+2w, —2v, +1+w,— v,

Mi
mn 4
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n

Zajaij + Si = Qjo + Wq — Ve
j=1
ELY

n
Zﬁ]b” + ti = bio + Wp — Uy
j=1
j#0

n
Z]/]C” + U; = Cjo + We — Vg
j=1
j#o

n

Z widy; = dyo + 5,

j=1
j#o

n
Zﬁjerj =ep + 1,
Jj=1

j#o

n
Z ijrj = fro T Uy
=1

R
I
[u=y

=1

. [ — -
M:ﬂ IIM:# IIMSH
QS K Q K o

=

Il

[u=y

~.

#o

I
=

We=0,wp—wg=0,w,—wy, =0
=0,v,—v,20,v,—v, =20

(Zj ZO,ﬁj—ajZO,yj—Bj20j=1,...,

SiZO,ti—SiZO,ui—tiZO

n
i=1..,m
s

$>0,6,—6,>0,14,—6>0 r=1,..,

V. Numerical Example

)

Suppose 5 decision-making units with two fuzzy inputs and outputs as shown in table 1, all of which have
symmetrical triangular membership functions.

DMU (i) 1 2 3 1 5
Input 1 (5.9.65,7.1) (4.44954) (2.9,2.9,2.9) (34,41,48) (35.4,45)
Input 2 (3.6,4.1,4.6) (2.2,2.6,3) (1.4,151.6) (22,2.32.4) (1.9.2.1,2.3)

Output 1 (4451528) (273237) (22,2222 (25,2.9,33) (24,2.6,2.8)

Output 2 (6.5,7.4,8.3) (4351509) (33,353.7) (55,5.7,5.9) (38,4.1,4.4)

Table 1.Decision making Units with fuzzy inputs and outputs
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By applying model (5) and using Lingo software the rank of all DMUs can be evaluated that shown in table 2.

DMU (i) 1 2 3 4 5
Efficiency 9.75 2.12857 2.1 2.8375 0.86789
Rank 1 3 4 2 5

Table 2. Rank of DMUs with Fuzzy Data

Nabahat [10] and his coworker defuzzify the DMUs with fuzzy data using differenta — levels and finally rank
the efficient DMUs by using Ideal and Anti Ideal DMUSs, through his method the rank of DMUsat different & —
levels by using RC indexand " Best-Best", "Worst-Worst", "Best-Worst" and "Worst-Best" methods is as
following tables.

Best-Best | a | DMU1 | DMU2 [ DMU3 | DMU4 | DMU5
0 5 3 1 4 2
X 025 5 2 1 4 3
Z 05 5 1 3 4 2
@ 075 | 5 1 3 2 4
1 4 1 5 3 2

Table 3.Rank of DMUs using Best-Best model with Fuzzy Data

Worst-Worst | « | DMUL [ DMU2 [ DMU3 | DMU4 | DMU5
0 3 1 5 2 4
v 0.25 3 1 5 2 4
z 0.5 3 1 5 2 4
@ 0.75 3 1 4 2 5
1 4 1 5 3 2

Table 4. Rank of DMUs using Worst-Worst model with Fuzzy Data

Best-Worst o DMU1 | DMU2 | DMU3 | DMU4 | DMU5

0 4 2 5 3 1

« 0.25 3 1 4 2 5

Z 05 5 1 4 3 2

o 0.75 4 1 5 3 2

1 4 1 5 3 2

Table 5. Rank of DMUs using Best-Worst model with Fuzzy Data

Worst- Best a [ DMUL | DMU2 | DMU3 | DMU4 | DMU5

0 3 1 5 2 4

0.25 3 1 5 2 4

¥

Z 05 4 1 5 3 2

& 0.75 2 1 5 2 3

1 4 1 5 3 2

Table 6. Rank of DMUs using Worst-Best model with Fuzzy Data

VI. CONCLUSION

Data Envelopment Analysis (DEA) is a non-parametrical method for evaluating the efficiency of Decision
Making Units (DMU) using mathematical programming. There are several methods foranalyzing the efficiency
of Decision Making Units, among which are Charnes Cooper Rodes (CCR) andBanker Charnes Cooper (BCC),
which compute the efficiency of Decision Making Units using the linear programming. All these calculations
occur when all data, that is the inputs and the outputs of Decision Making Units, are positive and crisp data.
There are several methods for ranking the efficient DMUs such as Anderson Peterson method (AP) or MAJ
model. Table 2 shows the rank of DMUs with proposed method and tables 3 to 6show the rank of DMUs at
different a — levels by "Best-Best", "Worst-Worst", "Best-Worst" and "Worst-Best" methods. The difference
between the rank of DMUs and the various methods is clear.

Through applications, number of efficient units are more than one. Therefore managers want to find a suitable
and analytical method in order to rank efficient units. In many situations we encounter DMUs with fuzzy data.
Therefore in this paper we consider the DMUs with fully fuzzy data and rankingthe DMUsusing MAJ model
that is FFLP problem and convert it into equivalent CLP problem.
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